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ABSTRACT
Asteroseismic investigations based on the wealth of data now available, in particular
from the CoRoT and Kepler missions, require a good understanding of the relation
between the observed quantities and the properties of the underlying stellar structure.
Kallinger et al. (2012) found a relation between their determination of the asymptotic
phase of radial oscillations in evolved stars and the evolutionary state, separating
ascending-branch red giants from helium-burning stars in the ‘red clump’. Here we
provide a detailed analysis of this relation, which is found to derive from differences
between these two classes of stars in the thermodynamic state of the convective en-
velope. There is potential for distinguishing red giants and clump stars based on the
phase determined from observations that are too short to allow distinction based on
determination of the period spacing for mixed modes. The analysis of the phase may
also point to a better understanding of the potential for using the helium-ionization-
induced acoustic glitch to determine the helium abundance in the envelopes of these
stars.
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1 INTRODUCTION
The observations of stellar oscillations carried out by the
CoRoT (Baglin et al. 2009) and Kepler (Borucki et al. 2010)
missions have revolutionized asteroseismology, by providing
extensive photometric data of high quality for a large num-
ber and great variety of stars. This includes a very sub-
stantial number of stars showing solar-like oscillations, i.e.,
modes that are intrinsically damped and excited stochasti-
cally by vigorous near-surface convection.
A particularly interesting case are the red-giant stars,
representing late evolutionary phases of low- and moderate
mass-stars (see, for example, Kippenhahn et al. 2012 for a
general overview of stellar evolution; for a detailed discussion
of the properties of red giants, see Salaris et al. 2002). Af-
ter completing central hydrogen fusion stars evolve towards
lower effective temperature Teff , before ascending the red-
giant branch (RGB) with increasing luminosity and nearly
constant Teff . This evolution is driven by the formation of a
helium core whose mass grows through the continued hydro-
gen fusion in a shell around the core, while the core radius
⋆ E-mail: jcd@phys.au.dk
decreases. This is accompanied by a strong increase in the
surface radius. When the temperature in the core becomes
sufficiently high, fusion of helium to carbon and oxygen sets
in. For stars of mass lower than around 1.8M⊙ the pressure
in the inert helium core is dominated by degenerate electrons
and helium fusion starts as a run-away process, the so-called
helium flash, leading to a complex and poorly modelled evo-
lution, before the star settles down to quiescent helium fu-
sion. For higher-mass stars the core is non-degenerate, and
helium fusion starts in a more regular fashion. The ignition
of helium leads to an expansion of the core and a correspond-
ing contraction of the envelope, decreasing the surface radius
and hence the luminosity, with a slight increase in Teff . In
both cases the hydrogen-fusing shell outside the helium core
continues to contribute a substantial fraction of the total
surface luminosity. Stars in the core helium-fusion phase are
often referred to as ‘clump’ stars, from the location of such
stars in the so-called ‘red clump’ in colour-magnitude dia-
grams of open clusters. For field stars, as opposed to cluster
stars, it is very difficult to distinguish between RGB and
clump stars based just on their observed surface properties,
given the scatter induced, e.g., by differences in metallicity.
To ascertain the diagnostic potential of the observed
c© 2013 RAS
2 J. Christensen-Dalsgaard et al.
oscillations it is necessary to consider the properties of the
observed oscillation modes (for a detailed discussion of these
properties and asteroseismic diagnostics, see Aerts et al.
2010). In red giants the compact core gives rise to a very
high local gravitational acceleration and hence buoyancy fre-
quency in the deep interior of the star. For non-radial modes,
with spherical-harmonic degree l greater than 0, this leads
to a dense spectrum of trapped internal gravity waves, or
g modes, in the core. In the envelope the modes behave as
acoustic waves, or p modes. Thus all non-radial modes have
a mixed character, with g-mode behaviour in the core and p-
mode behaviour in the envelope. At certain frequencies there
is a resonance with the acoustic behaviour in the envelope,
leading to modes of predominantly p-mode character, with
larger amplitudes in the envelope than in the core. Owing
to their lower inertia such modes are easier to excite by the
near-surface convection and hence are generally more visi-
ble in the observations (e.g., Dupret et al. 2009). To these
non-radial modes must be added the spherically symmetric,
or radial, modes with l = 0 which are of purely acoustic
character.
A major early breakthrough from the CoRoT observa-
tions of red giants was the identification of non-radial acous-
tically dominated modes (De Ridder et al. 2009). Remark-
ably, this was soon followed by the detection of additional
modes of degree l = 1 with a substantial g-mode component
(Beck et al. 2011). Such modes are characterized by the pe-
riod spacing between adjacent modes, which is determined
by the buoyancy frequency in the deep interior of the star
and hence provides a diagnostics of conditions in the core.
As a very important result it was shown by Bedding et al.
(2011) and Mosser et al. (2011a) that the period spacing is
substantially higher in clump stars than in RGB stars, pro-
viding a first clear observational separation, applicable to in-
dividual stars, between these two classes. This obviously re-
quires a clear observational identification of the g-dominated
modes. Such an identification has been possible on the basis
of observations over several years that were obtained dur-
ing the nominal Kepler mission (e.g., Mosser et al. 2012;
Silva Aguirre et al. 2014). However, the shorter duration of
the observations in the K2 extension of Kepler (Howell et al.
2014) and for the TESS mission (Ricker et al. 2014) makes
unlikely a detailed analysis of g-dominated modes.
Here we concentrate on the acoustically dominated
modes which, as mentioned above, are probably those that
are most easily observable. Acoustic modes satisfy an ap-
proximate asymptotic relation which can be written
νnl ≃ ∆ν
(
n+
l
2
+ ǫ
)
− d0l (1)
(e.g., Tassoul 1980), where νnl is the cyclic frequency of the
mode of radial order n and degree l. The separation between
modes of the same degree and adjacent order (the so-called
large frequency separation) is approximately given by
∆ν ≃
(
2
∫ R∗
0
dr
c
)−1
, (2)
where c is the adiabatic sound speed and the integral is
over distance r to the centre of the star, extending to a
suitable value R∗ near the surface of the star. In equa-
tion (1) ǫ is a phase which, as extensively discussed be-
low, depends on frequency and is probably predominantly
determined by the properties of the near-surface layers of
the star, and d0l is a small correction. This expression
can relatively simply be derived for main-sequence stars
where d0l provides a useful diagnostic of the evolution-
ary stage (e.g., Christensen-Dalsgaard 1984, 1988; Ulrich
1986). The applicability of equation (1) to red giants is per-
haps less obvious, in the light of their compact core, but is
clearly shown both by stellar models and by observations of
red giants (e.g., De Ridder et al. 2009; Bedding et al. 2010;
Huber et al. 2010), leading to the introduction of the so-
called ‘universal pattern’ (Mosser et al. 2011b; see, however,
Stello et al. 2014).
It follows from simple homology relations that ∆ν scales
as the square root of the mean density of the star,
∆ν ∝
(
M
R3
)1/2
(3)
(Ulrich 1986). Thus determination of ∆ν from observations
provides a strong constraint on the global properties of the
star, although corrections to this scaling may be required,
as discussed, e.g., by White et al. (2011) and Miglio et al.
(2012). However, as a result of the frequency dependence of
ǫ the actual separation between adjacent modes,
∆νnl ≡ νn+1 l − νnl ≃ ∆ν[1 + ǫ(νn+1 l)− ǫ(νnl)] , (4)
in general differs from the asymptotic separation ∆ν. This
must be taken into account when the scaling relation (3)
is applied to values of ∆ν estimated from the observed fre-
quencies. On the other hand, the frequency dependence of
∆νnl provides diagnostics of the outer layers of the star, in-
cluding the envelope helium abundance (e.g., Miglio et al.
2010).
A second important global asteroseismic diagnostics is
the frequency νmax where the power density is maximum.
This can be determined relatively accurately by fitting, e.g.,
a Gaussian to the envelope of power. It has been found obser-
vationally (e.g., Brown & Gilliland 1994; Stello et al. 2008),
with some theoretical support (Belkacem et al. 2011), that
νmax scales as the acoustic cut-off frequency in the stellar
atmosphere, leading to
νmax ∝
M
R2
T
−1/2
eff , (5)
where Teff is the effective temperature. Given an observa-
tional determination of Teff the radius and mass of a star
can be determined from observed values of ∆ν and νmax
(e.g., Kallinger et al. 2010).
Kallinger et al. (2012) emphasized the ambiguity of the
observational determination of ∆ν, depending on the selec-
tion of modes actually observed, and argued that this might
hide significant dependencies of the inferred global astero-
seismic parameters. They noted that the large-scale varia-
tion of ǫ, reflected in the curvature of the ridges in an e´chelle
diagram, quite generally appears to have a local extremum
near νmax and hence proposed to base the analysis on just a
few radial modes in the vicinity of νmax. This has the added
advantage that these modes may be expected to be the most
visible. Specifically, they chose the radial mode, with order
n = nc, closest to νmax, and defined the large separation by
∆νc = (νnc+1 0 − νnc−1 0)/2 . (6)
From this they also obtained, as a measure of the phase ǫ,
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ǫc =
νnc0
∆νc
mod 1 . (7)
Kallinger et al. used this procedure to analyse a large num-
ber of red-giant stars for which the evolutionary phases
(RGB or clump) were already known from their mixed-mode
period spacings. They presented their results in a (∆νc, ǫc)
diagram. Interestingly, they found evidence for a distinction
in ǫc between clump and RGB stars at fixed ∆νc, proposing
the use of ǫc as a diagnostics to identify clump stars based
on just the radial-mode frequencies. Given the general pre-
conception that ǫ is determined mainly by the surface layers,
and the fact that the structural differences between clump
and RGB stars are predominantly in the core, such a signif-
icant signature may be somewhat surprising.
Here we analyse the origin of the difference in behaviour
between the RGB and the clump model. Section 2 presents
results for stellar evolution models of various masses. In Sec-
tion 3 we analyse the relevant properties of stellar oscilla-
tions for models on the RGB and in the clump and relate the
difference in ǫc to the properties of the convection zones of
the two stars; a further analysis of the convection-zone prop-
erties is provided in Appendix A. Finally, Section 4 gives a
discussion of the results and summarizes our conclusions.
2 STELLAR MODELLING
We computed evolutionary tracks using the GARching
STellar Evolution Code (GARSTEC; Weiss & Schlattl
2008). The input physics included the NACRE compi-
lation of nuclear reaction rates (Angulo et al. 1999), the
Grevesse & Sauval (1998) solar mixture, OPAL opacities
(Iglesias & Rogers 1996) for high temperatures supple-
mented by low-temperature opacities from Ferguson et al.
(2005), the 2005 version of the OPAL equation of state
(Rogers et al. 1996) and the mixing-length theory of convec-
tion as described by Kippenhahn et al. (2012). Convective
overshooting and diffusion of helium and heavy elements
were not considered. The parameters of the models were
chosen to correspond to a calibrated solar model, includ-
ing diffusion and settling of helium and heavy elements; this
resulted in the convective efficiency αMLT = 1.791 and ini-
tial abundances by mass of hydrogen and heavy elements of
0.712 and 0.0192. The left panel in Fig. 1 shows resulting
evolution tracks for three different masses.
Detailed calculations of individual frequencies were
obtained for masses of 1.0, 1.5, and 2.0M⊙ using
the Aarhus Adiabatic Oscillations Package (ADIPLS;
Christensen-Dalsgaard 2008). From the frequencies ∆νc and
ǫc were determined as described above. The results are
shown in the right panel of Fig. 1. There is a clear distinction
between the RGB models, at higher ǫc, and the clump mod-
els, at lower ǫc, as also inferred by Kallinger et al. (2012).
In the following we discuss in detail the pair of 1M⊙
models, MRGB and MRC, at the same radius and approxi-
mately the same ∆νc on the RGB and in the clump, respec-
tively. The models are connected by the black dashed line
in the right panel of Fig. 1. Some details about the models
are provided in Table 1.
Figure 1. Left panel: evolution tracks on the ascending red-giant
branch and the clump for masses of 1M⊙ (red circles), 1.5M⊙
(yellow squares) and 2M⊙ (blue diamonds), computed with the
GARSTEC code. Open symbols show models on the red-giant
branch, and closed symbols show helium-burning clump models.
Right panel: the corresponding large frequency separation ∆νc
and phase ǫc, determined in the manner of Kallinger et al. (2012).
The models MRGB and MRC (cf. Table 1), which are analysed
in detail below, are indicated by being connected by the nearly
vertical dashed line.
Figure 2. The phase ǫc as a function of effective temperature for
models at fixed radius (10.69R⊙). Solid line: RGB models with
αML = 1 (cooler) to 3 (hotter). The diamonds connected by a
dashed line show models at fixed αML (cf. Table 1): the RGB
modelMRGB at high ǫc and the clump modelMRC at lower ǫc.
3 ANALYSIS OF THE ASYMPTOTIC PHASE
Fig. 1 shows a significant difference between ǫc between RGB
and clump models at fixed ∆ν for a given mass, and hence
at approximately fixed radius and surface gravity. Here we
aim at determining the dominant reason for this difference.
One possibility would be that ǫc is directly related to the
effective temperature, which is the principal difference be-
tween the superficial properties of the RGB and clump stars,
on the assumption that ǫc is predominantly determined by
c© 2013 RAS, MNRAS 000, 1–10
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Table 1. Red-giant (MRGB) and clump (MRC) models, in a
1M⊙ evolution sequence, considered for detailed analysis of ǫc.
Model Teff (K) R/R⊙ ∆νc (µHz) ǫc
MRGB 4417 10.69 3.760 0.8377
MRC 4618 10.69 3.982 0.6615
the stellar surface layers. At the opposite extreme ǫc might
somehow be directly related to the stellar core, the site of
the most fundamental differences between the two types of
stars.
To test the assumption that the difference in ǫc is re-
lated to the difference in effective temperature between RGB
and clump we computed a set of evolution sequences for the
RGB, varying the mixing-length parameter αML to change
Teff at given radius. We selected models at fixed radius and
evaluated ǫc as discussed above. In Fig. 2 the results are
compared with a pair of models of the same mass and ra-
dius on the RGB and the clump, discussed in more detail
below. It is evident that the change in ǫc from RGB to clump
is quite different from the effect expected simply from the
change in Teff . The effect on ǫc must therefore have a more
deep-seated origin.
The most dramatic difference between the structure of
the RGB and clump model is obviously in the core. It was
noted by Roxburgh & Vorontsov (2000, 2003) that the phase
in the asymptotic expression for acoustic-mode frequencies
does indeed contain a contribution from the core of the star.
This can be analysed in terms of the eigenfrequency equation
ωnlT0 ≃ π
(
n+
l
2
)
+ αl(ωnl)− δl(ωnl) , (8)
where ω = 2πν is the angular frequency, and
T0 =
∫ R∗
0
dr
c
(9)
is the acoustic radius of the star; note, from equation (2),
that ∆ν = 1/(2T0). The core phase δl(ω) and the en-
velope phase αl = α(ω) can be obtained as functions
of frequency by fitting partial solutions to the oscilla-
tion equations (i.e., solutions that do not satisfy all the
boundary conditions) to the relevant asymptotic expres-
sions. In the case of α this was developed in some detail
by Christensen-Dalsgaard & Pe´rez Herna´ndez (1992) (see
also Brodsky & Vorontsov 1988; Vorontsov & Zharkov 1989;
Roxburgh & Vorontsov 1996, for a slightly different treat-
ment of the envelope phase). As indicated, the envelope
phase is independent of l for low-degree modes.
As also noted by Kallinger et al. (2012) equation (8) is
clearly equivalent to equation (1), with
ǫ =
1
π
(α− δ0) , (10)
and
d0l =
∆ν
T0
(δl − δ0) . (11)
Equation (10) shows explicitly the contribution, through δ0,
to ǫ from the inner parts of the star. To relate ǫc as defined by
Kallinger et al. (2012) to the properties of ǫ we note from
Figure 3. Core phase δ0 for radial waves (upper panel) and en-
velope phase α (lower panel), as functions of frequency, for two
models at the same radius. Solid lines show results for the red-
giant modelMRGB and dashed lines results for the clump model
MRC (cf. Table 1).
equation (1), with l = 0 and d0l = 0, equation (6) and
equation (7), that
ǫc =
nc + ǫ(νnc0)
1 + [ǫ(νnc+10)− ǫ(νnc−1 0)]/2
mod 1 . (12)
Thus ǫc depends on both ǫ(ν) and its variation with fre-
quency.
The phase functions were determined by matching com-
puted partial solutions to the relevant asymptotic expres-
sions, in terms of the function
ψ(r) =
(ρc)1/2
r
p′ , (13)
where ρ is density and p′ is the Eulerian pressure perturba-
tion. In the inner part of the model the relevant form is
ψc(r) ≃ Ac sin (ωτ˜ − πl/2 + δl(ω)) , (14)
where ψc is obtained from a partial solution satisfying just
the central boundary conditions; here
τ˜ =
∫ r
0
dr′
c
(15)
is the acoustic distance to the centre. The term in l is
included to acknowledge the behaviour of the solution in
main-sequence stars, owing to the singular point at r = 0
(see Roxburgh & Vorontsov 2003). In the outer parts of the
model the relevant form is
ψe(r) ≃ Ae sin (ωτ − α(ω)) , (16)
where ψe is obtained from a partial solution satisfying just
the surface boundary conditions and
c© 2013 RAS, MNRAS 000, 1–10
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Figure 4. Combined phase ǫ as a function of frequency, for
two models at the same radius. The solid line shows results for
the red-giant model MRGB and the dashed line results for the
clump model MRC (cf. Table 1). The solid and dashed vertical
lines mark the frequencies used for determination of ǫc in models
MRGB andMRC, respectively.
τ =
∫ R∗
r
dr′
c
(17)
is acoustic depth. Note that δl(ω) and α(ω) are defined for
any frequency ω. The eigenfrequency equation, equation (8),
follows from equations (14) and (16) by demanding that ψc
and ψe represent the same solution which is continuous and
with continuous first derivative at some suitable fitting point
rf .
The properties of α and δ0 and their effect on ǫc can
be illustrated by considering models MRGB and MRC (cf.
Table 1), utilizing the fact that from equation (10) ǫ can be
obtained as a continuous function of frequency. The core and
envelope phases for these models are illustrated in Fig. 3 and
the resulting ǫ is shown in Fig. 4; here the phases were de-
termined by fitting the solutions to the relevant asymptotic
expressions (equations 14 and 16) near r/R = 0.75, chosen
to be below the region of varying adiabatic compressibility
Γ1 (cf. Fig. 5). Interestingly, the overall difference between
the two models is similar for δ0 and α, and hence the scale
of the difference in ǫ is modest. However, there are clear dif-
ferences in the frequency dependence of α and hence ǫ. This
has a substantial effect on ǫc through the denominator in
equation (12).
To make this explicit and separate the contributions
from δ0 and α we first linearize the change in ǫc in the
changes in ǫ. We introduce ǫ0 = ǫ(νnc 0), ǫ+ = ǫ(νnc+1 0)
and ǫ− = ǫ(νnc−1 0). Then according to equation (12)
ǫc =
nc + ǫ0
1 + (ǫ+ − ǫ−)/2
mod 1 =
nc + ǫ0
1 + (ǫ+ − ǫ−)/2
−nc , (18)
where the second equality was found to be satisfied for the
models considered here, or
ǫc =
ǫ0 − nc(ǫ+ − ǫ−)/2
1 + (ǫ+ − ǫ−)/2
. (19)
Linearizing this in small changes δǫ to ǫ we obtain
Figure 5. Adiabatic compressibility Γ1 for two models at the
same radius. The solid line shows the red-giant model MRGB
and the dashed line the clump model MRC (cf. Table 1). In the
upper panel Γ1 is shown against fractional radius, while in the
lower panel the abscissa is acoustic depth (cf. equation 17). The
solid and dashed arrows mark the dips in Γ1 caused by the second
helium ionization in modelsMRGB andMRC, respectively.
δǫc ≃
δǫ0
1 + (ǫ+ − ǫ−)/2
−
(ǫ0 + nc)(δǫ+ − δǫ−)/2
[1 + (ǫ+ − ǫ−)/2]2
. (20)
It is obvious that δǫ = π−1(δα− δ(δ0)). Thus equation (20)
can be used to estimate the separate contributions from the
core, through δ(δ0), and from the envelope, through δα.
Some numerical results are shown in Table 2, compar-
ing a pair of RGB models with different Teff (cf. Fig. 2)
with the RGB and clump pair. The linearized expression in
equation (20) recovers the actual difference in ǫc to within 2
per cent. Also, the envelope contribution is completely dom-
inant, by more than a factor of 6 in the RGB - clump case,
thus confirming what one might have naively expected. This
dominance is even stronger, obviously, for models along the
sequence of RGB models with varying αML, given that in
this case there is little variation in the internal structure.
To understand the origin of the strong difference in be-
haviour as a function of Teff seen in Fig. 2 we note that
the oscillations in ǫ as a function of frequency (cf. Fig. 4)
are strongly reminiscent of the effect on the frequencies of
the acoustic glitch associated with the second helium ion-
ization zone, induced by the variation in Γ1 (Gough 1990;
Vorontsov et al. 1991; for a detailed analysis of the effects of
c© 2013 RAS, MNRAS 000, 1–10
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Table 2. Comparison of phases in two pairs of 1M⊙ models, all
with radius 10.69R⊙. The central column compares two RGB
models of different mixing length (cf. Fig. 2), whereas the right-
hand column compares the RGB modelMRGB (1) and the clump
model MRC (2). The phases ǫc were determined from equation
(12) based on the phase function ǫ(ν), and linearized difference
was obtained from equation (20), with corresponding determina-
tion of the δ (core) and α (envelope) contributions.
RGB, RGB, Clump
varying αML
Teff (1) (K) 4417 4417
Teff (2) (K) 4788 4618
ǫc(1) 0.8376 0.8376
ǫc(2) 0.8994 0.6615
Difference 0.0618 −0.1772
Linearized
difference 0.0614 −0.1801
δ contribution −0.0008 0.0278
α contribution 0.0622 −0.2079
Figure 6. Differences in natural logarithm between quantities
in the clump model MRC and the RGB model MRGB at fixed
fractional radius, in the senseMRC −MRGB. Solid line: c
2; dot-
dashed line: T ; triple-dot-dashed line: Γ1.
the helium glitch, see Verma et al. 2014). A glitch located
at a depth τg gives rise to a variation in the frequency, and
correspondingly in ǫ, of the form sin(2ωτg) and hence with
a ‘period’ in cyclic frequency of 1/(2τg). Fig. 5 shows Γ1
in the two models, clearly showing that the acoustic glitch
from the second helium ionization zone in the clump model
is somewhat shallower in acoustic depth and of larger ampli-
tude than in the RGB model. Correspondingly, at least in a
qualitative sense, the oscillatory variation of ǫ in the clump
model (cf. Fig. 4) is stronger and with a longer period than in
the RGB model, causing differences in the behaviour around
νmax and hence in ǫc.
As a further illustration of the origin of the different
properties of ǫc between the clump and RGB model, Fig. 6
shows differences between these two models. The direct ef-
fect on ǫ(ν) is undoubtedly related to the difference in c2
which, assuming the ideal gas law and given that the com-
position is essentially the same, is proportional to Γ1T . Thus
the sound-speed difference arises from the sum of the differ-
ences in T and Γ1, with the sharp feature dominated by Γ1,
as assumed in the discussion of the glitches above. These dif-
ferences arise from a difference in the thermodynamic state
between the convective envelopes in the two models, related
to a substantial difference in the adiabatic constant, charac-
terized by p/ρΓ1 in the deeper parts of the convection zone.
In particular, in the bulk of the convection zone the density
at fixed fractional radius is lower by about a factor 0.4 in
model MRC, compared with model MRGB. This leads to
an increase in the degree of ionization in the clump model
relative to the RGB model, and hence to the outward shift
in the location of helium ionization, reflected in Γ1 (cf. Fig.
5). The difference in density appears to be related to the
fact that a larger fraction of the mass is contained in the
compact helium core in the clump model; we discuss this
in more detail in the Appendix. In the corresponding pair
of RGB models with different mixing length the differences
in the adiabatic constant, and other thermodynamic quanti-
ties, are minimal. The increase in the effective temperature
at fixed radius, caused by the increase in the mixing length,
is accompanied by a decrease in the temperature in the bulk
of the convection zone; this is a consequence of the increase
in the convective efficacy and hence a decrease in the su-
peradiabatic temperature gradient. This leads to a shift of
the second helium ionization zone to slightly greater acous-
tic depth, causing the modest increase in ǫc (cf. Fig. 2 and
Table 2).
The analysis in the Appendix provides a more detailed
understanding of the properties of the convective envelope
and its relation to the core of the star, expressed in terms
of the adiabatic constant K in the bulk of the convection
zone. An interesting result is the dependence on K of the
temperature and sound speed in the deeper parts of the con-
vection zone. This appears to be related, at least in a quali-
tative sense, to a feature noted by Miglio et al. (2012) in fit-
ting global asteroseismic observations for RGB and clump
stars; Miglio et al. showed that differences in the sound-
speed structure between these two classes of stars have a
significant effect when using the scaling relation (3) in such
fits.
4 DISCUSSION AND CONCLUSIONS
The properties of the phase ǫc, determined according to
Kallinger et al. (2012) from radial modes near the frequency
of maximum oscillation power, provide an interesting diag-
nostic to separate stars on the red-giant branch from clump
stars. We have demonstrated that this effect is not a direct
result of the substantial differences in core structure between
these two classes of stars. Instead, it is caused by differ-
ences in the thermodynamic state of the convection zone,
shifting the location in acoustic depth of the acoustic glitch
caused by the second helium ionization zone. We have anal-
ysed this in terms of the phase function ǫ(ν) which, as indi-
cated, is defined for any frequency. The shift in the acoustic
glitch causes a change in the oscillatory behaviour of ǫ and
hence, as a result of the local nature of the definition used
by Kallinger et al., a change in ǫc. The effect on ǫ of these
changes in the model structure might instructively be anal-
ysed in terms of the kernels for the phase function introduced
c© 2013 RAS, MNRAS 000, 1–10
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by Christensen-Dalsgaard & Pe´rez Herna´ndez (1992). We
note that Vrard et al. (in preparation) fitted the variation
in the separation of the radial modes as a function of fre-
quency to take account of the glitch due to the signature
of the discontinuity from the second helium ionization zone.
They used the phase of this oscillatory signal as a function
of νmax to explain the evolutionary classification based on ǫc
proposed by Kallinger et al. (2012). The observational ap-
proach by Vrard et al. is closely related to the theoretical
analysis performed here, reaching consistent conclusions.
It is of obvious potential interest to use ǫc as a diag-
nostic of evolutionary state for shorter data sets where the
mixed modes, and hence the g-mode period spacing, cannot
be obtained. We have estimated the expected uncertainty in
ǫc in 50-day observations, using standard error propagation,
based on the scatter in the results of ∆νc obtained using
the method described by Kallinger et al. (2012) for twelve
50-day datasets per star for nearly 1000 stars (Hekker et al.
2012). This expected uncertainty is typically of order 0.05 –
0.07 for stars in the frequency range of the red clump. We
expect this to increase for even shorter datasets. As shown
by Kallinger et al. (2012) the width of the scatter in ǫc for
RGB stars is of the order of 0.1 while for clump stars the
spread in ǫc is 0.2 to 0.3 (their Fig. 4). The value of the
expected uncertainty is such that we expect a significantly
larger confusion rate at the boundary of the RGB and RC as
indicated by the (arbitrary) limit defined by Kallinger et al.
(2012) (dotted line in their Fig. 4). This confusion has not
been defined by Kallinger et al., but is expected to be (at
least partly) due to larger intrinsic uncertainties caused by
the stochastic excitation of the oscillations which affects re-
sults from short datasets. The estimated uncertainty is not
negligible compared with the difference at fixed ∆νc, of or-
der 0.2, in ǫc between the RGB and the clump stars (cf.
Fig. 1 and Table 1); even so, we expect that determination
of ǫc from at least 50 days of observation will provide some
separation between RGB and clump stars. For even shorter
datasets, such as obtained over most of the sky with TESS,
such a separation may be questionable but should certainly
be investigated.
The variation with frequency of ǫ is directly related
to the individual frequency separation ∆νnl between modes
of adjacent orders (cf. equation 4). Miglio et al. (2010) de-
tected this variation in a red giant observed by CoRoT
and used the period of the variation, reflecting the acous-
tic depth of the variation in Γ1 caused by the second he-
lium ionization zone, as a diagnostics of the stellar prop-
erties. Miglio et al. also noted that the amplitude of the
variation in principle provides a measure of the envelope
helium abundance, although the available data did not al-
low a meaningful determination. The oscillatory behaviour
of the envelope phase, or various combinations based on it,
have been used extensively for estimating the solar envelope
helium abundance, starting with Vorontsov et al. (1991).
Pe´rez Herna´ndez & Christensen-Dalsgaard (1994a) pointed
out that a cleaner measure could be obtained by filtering
the phase function to take out the slowly varying part;
this was used by Pe´rez Herna´ndez & Christensen-Dalsgaard
(1994b) to estimate the solar helium abundance, while
Pe´rez Herna´ndez & Christensen-Dalsgaard (1998) evalu-
ated the diagnostic potential in main-sequence stars show-
ing solar-like oscillations. Houdek & Gough (2007) investi-
gated the diagnostics of the solar envelope on the basis of
second differences of frequencies at fixed degree, to isolate
the oscillatory component of the variation, and applying an
asymptotic analysis of the near-surface behaviour of the os-
cillations to characterize the effect of the helium abundance
on the seismic signature.
A detailed analysis of the potential for diagnostics of
the helium ionization zone based on acoustic-mode fre-
quencies in red giants was carried out by Broomhall et al.
(2014), on the basis of fits to second differences of frequen-
cies similar to those of Houdek & Gough (2007). Broomhall
et al. noted the difficulties arising from the sparcity of the
acoustically-dominated modes, and the complexity induced
for dipolar modes by the mixed behaviour. Their results
showed, as also found by Miglio et al. (2010), that the acous-
tic depth of the helium ionization could be determined rea-
sonably reliably, whereas the amplitude of the signal, re-
flecting the abundance of helium, was difficult to obtain
with an accuracy providing a significant abundance deter-
mination, even with the nearly four years of data provided
by the Kepler mission. It is possible that a more detailed
analysis of the envelope phase, perhaps involving the filter-
ing proposed by Pe´rez Herna´ndez & Christensen-Dalsgaard
(1994a), could lead to a more robust determination of the
abundance. This probably deserves further investigation.
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APPENDIX A: PROPERTIES OF
CONVECTIVE ENVELOPES
It is of obvious interest to obtain a better understanding
of the differences between the RGB and clump model in
the structure of the convective envelope, reflected in Fig. 6.
As far as the envelope is concerned, an important difference
between the models is that in the clump star a larger fraction
of the mass is contained in the helium core and the deep
interior, as illustrated in Fig. A1. Correspondingly, less mass
is contained in the convective envelope at a given radius in
the clump model, obviously corresponding to a lower density.
This is made explicit in Fig. A2, showing that the density at
fixed radius in modelMRC is lower than in modelMRGB by
more than a factor 2 in much of the convective envelope; in
contrast, the temperature difference is modest. It is probably
this difference in density that mainly affects the ionization
state of helium, leading to the differences in Γ1 and sound
speed illustrated in Fig. 6.
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Figure A2. Differences in natural logarithm between quantities
in the clump model MRC and the RGB model MRGB at fixed
fractional radius, in the senseMRC−MRGB. Dashed line: ρ; dot-
dashed line: T . The vertical solid and dashed lines mark the base
of the convective envelope in the RGB and the clump models,
respectively. The thin dot-dashed line, confined to the convec-
tive envelope in the clump model, shows the temperature differ-
ence δ lnTapp estimated from the approximation corresponding
to equation (A11).
In the following we analyse these differences in more
detail (see also, for example, Christensen-Dalsgaard et al.
1992; Christensen-Dalsgaard 1997). We note that the bulk of
the convective envelope is adiabatically stratified. Neglecting
furthermore the variation in Γ1 in the ionization zones and
taking Γ1 ≃ γ to be constant, p and ρ are related by
p = Kργ , (A1)
defining the adiabatic constant K. Introducing u = p/ρ, it
follows from the equation of hydrostatic equilibrium,
dp
dr
= −
Gmρ
r2
, (A2)
where G is the gravitational constant, that
du
dr
≃ −
γ − 1
γ
Gm
r2
. (A3)
In the outer parts of the convective envelope we can neglect
the variation in mass and take m ≃M . Then equation (A3)
can be immediately integrated, to yield
u ≃
γ − 1
γ
GM
Rs
(
Rs
r
− 1
)
=
γ − 1
γ
GM
Rs
ξ , (A4)
where Rs ≃ R is a suitable reference radius and ξ = Rs/r−1.
It follows that the squared sound speed is
c2 = γu ≃ (γ − 1)
GM
Rs
ξ . (A5)
Also, assuming the ideal gas law, the temperature is approx-
imated by
T ≃
µmu
kB
p
ρ
≃
γ − 1
γ
µmu
kB
GM
Rs
ξ , (A6)
where µ is the mean molecular weight,mu is the atomic mass
unit and kB is Boltzmann’s constant. Finally, it follows from
equations (A1) and (A4) that
ρ ≃ ρ0ξ
n , (A7)
where n = 1/(γ − 1) is the polytropic index and
ρ0 = K
−n
(
γ − 1
γ
GM
Rs
)n
. (A8)
For the fully ionized ideal gas relevant here γ = 5/3, and
hence n = 3/2.
In the comparison of models MRGB and MRC, which
have approximately the same mass and radius, equation
(A6) predicts that there should be little difference in tem-
perature. As shown in Fig. A2 this is indeed approximately
the case in the outer parts of the convective envelope, al-
though with modest differences related to variations induced
by the helium ionization zone. On the other hand, equation
(A7) predicts a difference δ ln ρ ≃ −nδ lnK, given by the
difference in the adiabatic constant, which is independent of
position, which again is approximately satisfied in the outer
parts of the convection zone, as shown in Fig. A2.
Although moving beyond the immediate topic of the
present paper it is of interest to consider the behaviour in the
deeper parts of the convection zone, where the mass can no
longer be considered to be constant. We writem = M−∆m,
where, using equation (A7),
∆m = 4π
∫ R
r
ρr′2dr′ ≃
4πR3s
n+ 1
ρ0ξ
n+1
In(ξ) ; (A9)
here, following Christensen-Dalsgaard et al. (1992), we in-
troduced
In(ξ) = (n+ 1)
∫ 1
0
vn(1 + ξv)−4dv , (A10)
v being an integration variable, defined such that In(0) = 1.
Using this approximation to m in equation (A3) we obtain
u ≃
γ − 1
γ
GM
Rs
ξ
[
1− q0
ξn+1
n+ 2
Jn(ξ)
]
, (A11)
where
q0 =
4πR3sρ0
(n+ 1)M
(A12)
and
Jn(ξ) = (n+ 2)
∫ 1
0
vn+1In(vξ)dv , (A13)
which, like In, is defined such that Jn(0) = 1. Plots of In
and Jn, for n = 3/2, are shown in Fig. A3. Similar ex-
pressions are obviously obtained for c2 and T . Also, from
equation (A1) we obtain
ρ ≃ ρ0ξ
n
[
1− q0
ξn+1
n+ 2
Jn(ξ)
]n
. (A14)
It follows from equation (A11) that u, and hence c2
and T , depend on the adiabatic constant through the term
in q0 within the brackets. This is reflected in the behaviour
of δ lnT in Fig. A2. To make a more quantitative compari-
son we estimated ρ0 in the two models by applying equation
(A8) at r = 0.7R and determining the corresponding values
of q0 from equation (A12), resulting in q0 = 2.07 and 0.89
for modelsMRGB andMRC. Using these values in equation
(A11) results in the estimate of δ lnT shown by the thin
c© 2013 RAS, MNRAS 000, 1–10
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Figure A3. The functions In(ξ) (solid line) and Jn(ξ) (dashed
line), defined by equations (A10) and (A13), for n = 3/2, corre-
sponding to the value γ = 5/3 relevant for a fully ionized ideal
gas.
dot-dashed curve in Fig. A2. It is clear that our, relatively
rough, approximation captures most of the effect on the tem-
perature difference. Similarly, the variation in δ ln ρ in the
deeper parts of the convective envelope can be accounted for
by equation (A14). It is obvious that the analysis could be
iterated by repeating the determination of ∆m using equa-
tion (A14); little further insight would be obtained from this,
however.
The relations for the sound speed are closely related
to the differences between RGB and clump stars, noted by
Miglio et al. (2012), in the scaling relation for ∆ν. The inte-
gral in equation (2) is dominated by the contribution from
the convective envelope. Using the approximation in equa-
tion (A5) clearly implies the commonly used scaling rela-
tion, i.e., that ∆ν ∝ (M/R3)1/2. The correction factor in
equation (A11) leads to a decrease in c, an increase in the
integral and hence a decrease in ∆ν, relative to the simple
scaling. This effect is stronger in the RGB model, owing to
the larger value of q0, than in the clump model, leading to
a smaller ∆ν in the former model at fixed mean density, as
found by Miglio et al. (2012). A more quantitative analysis
of this effect and its influence on the diagnostics based on
global asteroseismic parameters would be interesting, but is
beyond the scope of the present paper.
To relate the properties of the convective envelopes to
the surface properties of the stars we note that the bulk
of the convection zone is at an essentially constant specific
entropy sad, related to the adiabatic constant in the region
of nearly constant Γ1 by
sad ≃
1
γ
lnK , (A15)
apart from an arbitrary additive constant. The change in
entropy between the photospheric value sph and sad is de-
termined by the superadiabatic gradient near the top of the
convection zone,
sad = sph +
∫ lnp∗
lnpph
cp(∇−∇ad)d ln p , (A16)
Figure A4. Superadiabatic gradient as a function of the loga-
rithm to base 10 of pressure for models MRGB (solid line) and
MRC (dashed line).
where ∇ = d lnT/d ln p, ∇ad is its adiabatic value, cp is the
specific heat at constant pressure, pph is the photospheric
pressure and the upper limit of the integral is at a point in
the adiabatically stratified interior of the convection zone.
The superadiabatic gradients in models MRGB and MRC
are illustrated in Fig. A4. It is evident that ∇ − ∇ad, and
hence the integral in equation (A16), is bigger inMRC than
in MRGB; this dominates the fact that K is bigger in the
former model, corresponding to the lower density and hence
the difference in the ionization of helium leading to the dif-
ference in ǫc. The behaviour of ∇ in the superadiabatic re-
gion, at the assumed fixed mixing length, is dominated by
the fact that the opacity is higher in model MRC than in
MRGB, owing to the higher effective temperature and hence
higher photospheric temperature and the strong tempera-
ture dependence of the dominant H− opacity.
This leaves open the question of the dominant causa-
tion in the difference between the thermodynamic state of
the two models. It seems plausible to us that the main ef-
fect must be the higher mass in the core and the consequent
lower density in the convective envelope, at fixed stellar ra-
dius. The properties of the superficial parts of the convec-
tive envelope have to respond to this, requiring the higher
superadiabatic gradient and hence the higher effective tem-
perature. Further investigations of this interplay between
the interior and superficial properties of red giants appear
worthwhile.
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